The investigations of financial markets from a complex network perspective have unveiled many phenomenological properties, in which the majority of these studies map the financial markets into one complex network. In this work, we investigate 30 world stock market indices through their visibility graphs by adopting the visibility algorithm to convert each single stock index into one visibility graph. A universal allometric scaling law is uncovered in the minimal spanning trees, whose scaling exponent is independent of the stock market and the length of the stock index. In contrast, the maximal spanning trees and the random spanning trees do not exhibit universal allometric scaling behaviors. There are marked discrepancies in the allometric scaling behaviors between the stock indices and the Brownian motions. Using surrogate time series, we find that these discrepancies are caused by the fat-tailedness of the return distribution, the nonlinear longterm correlation, and a coupling effect between these two influence factors.
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I. INTRODUCTION
Econophysics is an interdisciplinary field which adopts ideas, tools and theories from statistical mechanics, nonlinear science, complexity science and applied mathematics to understand the emerging complexity and self-organized macroscopic behaviors of economic systems, with special interest paid to financial markets [1, 2, 3, 4, 5] . Econophysists are particularly interested in unveiling different universal behaviors in financial markets [6, 7, 8, 9, 10, 11] , following the phenomenological framework [12, 13] .
In recent years, complex network theory has witnessed a flourishing progress [14, 15, 16, 17, 18, 19] . It is natural that a wealth of studies have been carried out from a complex network perspective. The current economic crisis calls for a deeper understanding of the dynamics of economic activities on the global economic network [20] . The studies in this field can be classified into two types based on how the network is constructed. The studies of the first type deal with many time series to form a complex network with each node standing for a time series and the weight of a link between two nodes characterized by the correlation coefficient of the two time series [21, 22, 23] or by the distance between the two time series [24, 25, 26] .
Concerning the studies of the second type, different * Electronic address: wxzhou@ecust.edu.cn mapping methods have been proposed to convert time series into different kinds of networks, including cycle networks based on the local extrema and their distance in the phase space [27, 28] , segment correlation networks [29, 30] , nearest neighbor networks [31] , n-tuple networks based on the fluctuation patterns [32, 33] , the visibility of nodes [34] , space state networks based on conformational fluctuations [35] , bin transition networks [36] , and recurrence networks [37, 38] . The visibility algorithm has been diversely used to investigate stock market indices [39] , human strive intervals [40] , occurrence of hurricanes in the United States [41] , foreign exchange rates [42] , and energy dissipation rates in three-dimensional fully developed turbulence [43] .
In this work, we study the allometric scaling behavior of spanning trees extracted from the visibility graphs of 30 stock market indices all over the world. Both universal and nonuniversal scaling behaviors are reported, which is reminiscent of the universal scaling behavior of the weighted world trade networks [44] . The paper is organized as follows. In Sec. II, we describe briefly the methodology adopted. Section III presents the empirical findings. We study the impact of the length of the stock indices on the allometric behaviors in Sec. IV. Section V explores the driving factors that cause the different behaviors between the stock indices and the Brownian motions. And Section VI concludes.
II. METHODOLOGY
Here we briefly explain the methodology used in this study. For each stock market index, a unique visibility graph is constructed. A maximal spanning tree (MaxST), a minimal spanning tree (MinST), and 100 random spanning trees (RanSTs) are extracted from the constructed visibility graph. For each spanning tree, an allometric scaling analysis is carried out and a scaling exponent is determined.
A. Construction of visibility graph
Consider the price series p(t) of a stock market index with a length of N . We can transform the time series into complex networks by applying the visibility algorithm [34] . Each data point in the time series is regarded as a node in the complex network, and an edge is drew connecting two nodes according to the rule that the two corresponding data points can see each other in the diagram of the time series. Mathematically, two arbitrary data points p(t i ) and p(t j ) have visibility if any other data point p(t k ) located between them fulfills
We assign the average acceleration of price movement, defined as [ln p(t j ) − ln p(t i )]/(t j − t i ), as the weight of the edge [t i , t j ], where t i < t j .
B. Construction of spanning trees
We extract three different kinds of spanning trees (MaxST, MinST, RanST) from each visibility graph. The algorithms for building MaxST, MinST, and RanST are given in the following.
MaxST: First, select an edge with a maximum weight as the first edge of the MaxST. Second, select a new edge with a maximum weight among the edges which connect the tree and make sure that no loop is introduced. Third, repeat the second step till all nodes are added into the tree.
MinST: First, select an edge with a minimum weight as the first edge of the MinST. Second, select a new edge with a minimum weight among the edges which connect the tree and make sure that no loop is introduced. Third, repeat the second step till all nodes are added into the tree.
RanST: First, arbitrarily select an edge as the first edge of the RanST. Second, randomly select a new edge among the edges which connect the tree but make sure that no loop is introduced. Third, repeat the second step till all nodes are added into the tree.
C. Allometric scaling
Allometric scaling laws are ubiquitous in complex systems evolving on complex networks, such as the metabolism of organisms and ecosystems river networks [45, 46, 47, 48, 49, 50] , the food webs [51] , the world trade webs [44] , the world investment networks [52] , and so forth. The original model of the allometric scaling on a spanning tree was developed by Banavar, Maritan, and Rinaldo [49] . The node with the maximum degree is considered as the root of a spanning tree. Each node of a spanning tree is assigned a number 1, and two values A i and C i are defined for each node i in an iterative manner as follows:
in which j stands for all the nodes linked from i [49] . The allometric scaling relation is then highlighted by the power law relation between C i and A i :
where the leaf nodes with A = C = 1 should be excluded from the estimation of the scaling exponent η [51] . Any spanning tree can range in principle between two extremes, that is, the chain-like trees and the star-like trees. For chain-like trees we have η = 2 − , while for start-like trees we have η = 1 + . Therefore, 1 < η < 2 for all spanning trees. It should be note that not all trees exhibit such an allometric scaling behavior, for instance the classic Cayley trees [53] .
III. UNIVERSAL SCALING IN THE VISIBILITY GRAPHS CONSTRUCTED FROM STOCK MARKET INDICES
The data sets we analyzed contain 30 stock market indices all over the world, which are retrieved from Yahoo! Finance at http://finance.yahoo.com. A list of the index names is given below together with the abbreviations, countries or areas and starting dates of the time series used for analysis in the ensuing parenthe For each stock index, a visibility graph is constructed and its maximum spanning tree (MaxST) and minimum spanning tree (MinST) are determined uniquely. In addition, 100 random spanning trees (RanSTs) are also derived from the visibility graph. For each tree, an allometric analysis is carried out and the two sequences of A and C are calculated. Figure 1 shows the allometric scaling behaviors of the MaxST, the MinST and a randomly selected RanST associated with the FSTE 100 Index. Nice power-law relationships are observed between A and C. A linear regression to the data finds that η = 1.271±0.002 for the MaxST, η = 1.264 ± 0.002 for the MinST, and η = 1.308 ± 0.002 for the RanST, respectively. We find that all the spanning trees exhibit excellent allometric scaling behaviors for all the indices. The corresponding power-law exponents for different indices are reported in table I. We find that the allometric scaling exponents of the MaxSTs for different indices are very close to each other, centered around 1.281 ± 0.009 (mean ± std). The situation for the MinSTs is the same as the MaxSTs, in which the power-law exponents fluctuate slightly around 1.274 ± 0.011. In contrast, the power-law exponents of the RanSTs are basically larger than 1.3 except for DJIA, NASDAQ and S&P 500, which are significantly larger than the exponents of both the MaxSTs and the MinSTs. We infer that the appearance of smaller values of η RanST for DJIA, NASDAQ, and S&P 500 is due to the fact that these three indices have much more data points compared with other indices. IV. FINITE-SIZE EFFECT Table I shows that the allometric scaling exponents for a given type of spanning tree are very close to each other. However, there are still fluctuations around the corresponding average values. It is possible that the exponent is dependent on the length of the index time series. It is thus necessary to further investigate if there is a finite-size effect, which is crucial to the validation of universality. 
A. The case of MaxST and MinST

B. The case of RanST
For the RanSTs extracted from the visibility graphs of stock indices, the three allometric scaling exponents η RanST of the US market indices (DJIA, S&P 500, NAS-DAQ) are significantly less than the others, which is a signal of the possible presence of finite-size effect. Figure  3 plots η RanST as a function of L for all the indices. It is evident that η RanST decreases logarithmically with the increase of index length:
where a = 1.471 and b = −0.019, both of which are significantly different from 0 with the p-values less than 10 −6 . 
C. Numerical tests
In order to further investigate the impact of the time series length on the allometric scaling exponents of the three types of spanning trees, we design and conduct two numerical tests. We take subseries with different lengths from the longest index DJIA to perform the allometric scaling analysis. For each length L, 100 subseries are randomly extracted and the corresponding scaling exponents are calculated from their MaxSTs, MinSTs, and RanSTs. Figure 4 
where the linear coefficients are statistically significantly different from zero with both the p-values being zero. In contrast, η RanST exhibits an evident decreasing trend. A linear regression gives a = 1.327 and b = −2.581 × 10 −6 , whose p-values are both nulls. These observations are consistent with the results in Table I . In addition, we find that η MinST < η MaxST for all L's, while η RanST becomes less than η MaxST when L > 16500 and less than η MinST for much greater L.
For comparison, we synthesize Brownian motions with different lengths. For each length, 100 time series are generated and the allometric scaling exponents are determined. The results are also illustrated in Fig. 4 We stress that there are marked discrepancies between the scaling exponents of the MinSTs (and the MaxSTs as well) of the DJIA and Brownian motions. It calls for an investigation of influence factors on the allometric behaviors of the MinSTs and MaxSTs of the stock market indices. Note that a comparison between the behaviors of the stock indices and the Brownian motions is not out of blue. Indeed, stock prices are assumed to follow a geometric Brownian motion in the celebrated BlackScholes model of option pricing [54] .
V. INFLUENCE FACTORS ON THE ALLOMETRIC SCALING BEHAVIOR
To understand the marked discrepancies between the allometric behaviors of the stock market indices and the Brownian motions, further numerical experiments are needed. Comparing with Brownian motions, we find there are three potential factors that may have influence on the behavior of any time series, that is, the fattailedness of the probability distribution, the linear longterm correlation, and the nonlinear long-term correlation [55] . It is well established that there is no linear longterm correlation in the returns of stock indices. Hence, two factors remain for further investigations. For completeness, we first study the impact of linear long-term correlations based on fractional Brownian motions.
A. Fractional Brownian motions
We generate fractional Brownian motions through wavelet transform with the Hurst indexes varying from 0.05 to 0.95. We obtain 100 realizations for each Hurst index, and each realization has 5000 data points.
In the case of Brwonian motions where the Hurst index H = 0.5, remarkable power-law behaviors are observed between A and C for the three spanning trees. The least square linear fit to the data for each spanning tree yields an estimate of the power-law exponent, which results in η = 1.233 ± 0.004 for the MaxST, η = 1.233 ± 0.004 for the MinST, and η = 1.314 ± 0.004 for the RanST. Note that the node (1, 1) is excluded in the implementation of fitting. The plots of A with respect to C for the other Hurst indexes share the similar pattern as the plots for H = 0.5, but the power-law exponents are different. Figure 5 shows the allometric scaling exponent η as a function of the Hurst index H for three different spanning trees. For the MaxST and the MinST, the two curves almost overlap onto a same curve. Furthermore, both curves show a linear decreasing trend
where a = Compared with the Brownian motions, the financial series exhibit fat-tailed PDF and nonlinearity as well [55] . We design several tests to verify the contribution of the two factors on the allometric scaling behavior. In the tests, different surrogate data are used. There is no linear long-term correlation in the surrogate data. We use the FTSE index as an example, and all the surrogate time series have the same length as the FTSE data.
The surrogates of the first type (termed "Surr 1") have the same probability distribution of returns as the FTSE index, but without any nonlinearity. We can shuffle the original the corresponding return series r(t) to remove the nonlinearity, and conduct cumulative summation to reconstruct the prices. Alternatively, we can determine the empirical distribution of the FTSE returns and generate surrogate return series [56] . We find that the surrogate time series obtained from either methods give the same scaling exponents.
The surrogates of the second type (termed "Surr 2") preserve the nonlinearity of the FTSE data but with Gaussian return distributions. We generate a Brownian motion, rearrange its increment series to ensure that the resulting series has the same rank ordering as the FTSE returns [55, 57, 58] .
The surrogates of the third type (termed "Surr 3") preserve both the nonlinearity and the probability distribution of the original FTSE returns. We synthesize a surrogate return series based on the empirical distribution of the FTSE returns and then rearrange the rank orders of the data to introduce nonlinear correlations.
For each test, 100 surrogates are generated, and the allometric scaling exponents are determined for the corresponding MaxSTs, MinSTs, and RanSTs. The results are presented in Table II , which are compared with the FTSE index and the Brownian motions. First of all, the scaling exponents of the random spanning trees are close to each other for the five types of data. For the MaxSTs and MinSTs, we have
Therefore, both the nonlinearity and the fat-tailedness have influence on the allometric scaling. However, only one factor is not capable of explaining the difference of η between the FTSE index and the Brownian motions. A coupling effect between the two factors also has contribution. 
VI. CONCLUSION
In summary, we have investigated the allometric scaling behaviors of the maximal spanning trees, the minimal spanning trees and the random spanning trees of the visibility graphs constructed from 30 worldwide stock indices with different sizes. All the spanning trees exhibit nice allometric scaling behaviors. We found that the average scaling exponent is η MaxST = 1.281 ± 0.009 for the maximal spanning trees and η MinST = 1.274 ± 0.011 for the minimal spanning trees. Using subseries extracted from the longest index series of the DJIA, we found that the exponent for the minimal spanning trees is independent of the length of the index, while the exponent for the maximal spanning trees exhibits a weak increasing trend. In contrast, the exponent for the random spanning trees decreases fast with the increase of the length. Therefore, the visibility graphs of the world stock market indices exhibit both universal and nonuniversal allometric scaling behaviors.
Numerical simulations showed that Brownian motions with different sizes exhibit different allometric behaviors in the associated maximal, minimal, and random spanning trees. Surrogate time series with different features were synthesized to study the origin of the discrepancy between Brownian motions and stock indices. We conclude that the fat-tailedness of the return probability distribution, the nonlinear long-term correlation, and a coupling effect between them can explain exactly the discrepancy.
